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Return first test.

Due Wednesday. Asmt. 8, , from page 76, exer-
cises 1–3, 7–9, 11–13, 17, 20.

Due next Friday. Asmt. 9, from page 82, exer-
cises 1, 2, 4, 10; and from page 86, exercises 1, 2,
6, 7

For next time. We’ll discuss Euler’s phi func-
tion (also called Euler’s totient function). This is
discussed in section 3.4 and 3.5 in the text.

Today. Linear congruences and the Chinese re-
mainder theorem.

Linear congruences. The easiest sort of con-
gruence equation to solve is a linear congruence,
one of the form

ax ≡ b (mod n).

It’s easy because we’ve really already solved it.
Suppose we have a solution x. Since ax ≡
b (mod n), therefore n|ax−b, so there is some num-
ber y such that ny = ax− b, in other words,

ax− ny = b.

That’s just a linear equation in two unknowns, and
we know how to find all it’s solutions. Namely, let
d = (a, n). If d 6 | b, then there are no solutions.
Otherwise the Euclidean algorithm gives us one so-
lution, and then we can find the rest.

Let’s record this as a theorem, and supply the
details in a proof.

Theorem. The congruence

ax ≡ b (mod n)

has a solution if and only if d|b where d = (a, n).
When d|b, then the solution is unique modulo n/d.
Thus, if (a, n) = 1, the congruence ax ≡ b (mod n)
always has a unique solution.

Proof: As mentioned just above, the congruence
ax ≡ b (mod n) has a solution if and only if the
equation ax − ny = b has a solution. More pre-
cisely, if (x, y) is a solution to the equation, then x
is a solution to the congruence. (Thus, a solution
to the congruence is part of a solution to the equa-
tion.) The equation has a solution if and only if
d|b, therefore the congruence has a solution if and
only if d|b.

Let’s suppose now that d|b. We’ve seen that ev-
ery solution to the equation ax − ny = b is of the
form

x = x0 + t(n/d), y = y0 + t(n/d)

where (x0, y0) is a particular solution (which we can
find with the help of the Euclidean algorithm), and
t is any integer. Therefore, every solution to the
congruence ax ≡ b (mod n) is of the form

x = x0 + t(n/d).

But
x0 + t(n/d) ≡ x0 (mod n/d),

so the congruence has a unique solution modulo
n/d. q.e.d.

Simultaneous linear congruences with dif-
ferent moduli. We’ll start this discussion with an
example.

Solve the pair of linear congruences{
x ≡ 7 (mod 10)
x ≡ 4 (mod 11)
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We could search for an answer. The congruence x ≡
7 (mod 10) says that when x is written decimally,
its last digit is 7. So, look among those numbers
congruent to 4 modulo 11 for one whose last digit
is 7.

4, 15, 26, 37 Aha!

What other values besides x = 37 are solutions?
If we go 10 more numbers past 37 in the list of
numbers congruent to 4 modulo 11, then we’ll find
another, namely 147. In fact, any number congru-
ent to 37 modulo 110 will be a solution.

Let’s take this same pair of linear congruences
and find a method we can use in general. To satisfy
the congruence x ≡ 4 (mod 11), we need x to be of
the form

x = 4 + 11t

for an arbitrary integer t. Put 4 + 11t in for x in
the first congruence to get

4 + 11t ≡ 7 (mod 10)

which simplifies to

t ≡ 3 (mod 10).

Thus, t = 3 + 10u where u is an arbitrary integer.
Thus, the general solution to the pair of congru-
ences is

t = 4 + 11t

= 4 + 11(3 + 10u)

= 37 + 110u

That is, x ≡ 37 (mod 110).

The Chinese remainder theorem. We can
extract a theorem from our work above. We’ll get
what’s called the Chinese remainder theorem for a
pair of congruences.

Chinese remainder theorem. If m and n are rela-
tively prime, then the pair of linear congruences{

x ≡ a (mod m)
x ≡ b (mod n)

has a unique solution modulo the product mn.

We’ll work out the proof in class based on the
example above. At one point we need to invoke the
theorem we proved above about the uniqueness of
solutions to a single linear congruence.

The Chinese remainder theorem can be inter-
preted as what is called an isomorphism of rings.
In that interpretation Zm×Zn

∼= Zmn when m and
n are relatively prime. This means that each pair
(a, b) where a ∈ Zm and b ∈ Zn corresponds to
a single element c ∈ Zmn, and furthermore (some-
thing that we haven’t proved yet) the operations
of addition, subtraction, and multiplication corre-
spond. That goes a bit beyond a basic number
theory course, but it indicates the importance of
the Chinese remainder theorem in modern algebra.

The Chinese remainder theorem applies to more
than just two simultaneous linear congruences. If
you have k simultaneous linear congruences where
the moduli are all relatively prime, then there is a
unique solution modulo the product of those mod-
uli.
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