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Exercises from section 3.3: 1, 4, 9, 10, 19-21, 24,
26.

4. Sketch the vector field F(z,y) = (z, z?).

The first thing you notice about this vector field
is that the values of F do not depend on y, but
only on x. That means that all the vectors along
a vertical line are parallel. So, all you have to do
is draw the vectors along one horizontal line, say
the z-axis, and then translate them vertically to
get vectors to fill the plane.

Now, for z positive, both coordinates of (z,z?)
are positive, so those arrows point up and to the
right, and the larger = is, the longer the arrows
should be and the more vertical they should be.
But if x is positive near 0, the the arrows should be
short and nearly horizontal.

A similar argument applies for negative x. Vec-
tors should point up and to the left. If x is near
—oo they are long and almost vertical, but if x is
near 0, then they are short and almost horizontal.

10. Sketch the vector field on R?® for F =
(y,—z,2).

Forget the third coordinate for a minute. Pre-
tend F(z,y) = (y,—x). This we know as a ‘cir-
cular’ vector field swirling around the origin in the
clockwise direction. The vector you draw at (z,y)
has the same length as the vector (z,y) but is at
right angles to it.

Now add the third coordinate and see what hap-
pens. F(z,y,2) = (y, —x,2). The vector (y, —z,2)
you draw at (z,y, z) is not just the translate of the
vector we just drew at (x,y), but it has a vertical
component as well; its end should be lifted up 2
units. So, this is some sort of ‘helical’ vector field.

20. Calculate the flow line x(t) of the vector field
F(x,y) = (—x,y) if x(0) = (2,1).

The flow line, also called a flow path, x(¢) has to
have its derivatives in the vector field, that is

x'(t) = F(x(t)).

In this exercise, that says (2/(t),y'(t) =
(—x(t),y(t)). That gives us the two differential
equations

¥ = -z

=y

We can solve these differential equations to get
z(t) = Ae ' and y(t) = Be', where A and B
are constants yet to be determined. Now, we’re
told that (z,y)(0) = (2,1), that is z(0) = 2 and
y(0) = 1, therefore, A = 2 and B = 1. Thus, the
flow line is

x(t) = (2(t), y(t)) = (2¢7", ¢").
(If you eliminate ¢ from this equation, you get zy =
2, so the flow is along a hyperbola.)

24. Consider the vector field
F = 2zi + 2yj — 3k.

a. Show that F is a gradient field.

We need to find a scalar function f(z,y, z) such
that % = 2x, g—; = 2y, and % = —3. One such
function is

flx,y,2) = 22 4+ y? — 3z2.

(Any other would differ from this one by a con-
stant.)

b. Describe the equipotential surfaces of F in words
and with sketches.

An equipotential surface of F is a level surface
of f, that is, a surface whose equation is z2 4 y? —
3z = c for some constant c¢. This is some quadric
surface since the equation is a quadratic equation.
In fact, it’s a paraboloid whose axis is the z-axis.
The vertex of this paraboloid is at the point —c¢/3.

That’s one equipotential surface. They're all
translates of each other in the z-direction.



26. A flow of F is a differentiable function ¢ :
R x R"™ — R" such that

0
agb(xv t) = F(¢(X> t))

and
»(x,0) = x.

In other words, it includes all the flow lines of F' in
one function parameterized by x.
Verify that ¢ : R? x R — R? given by

T+yY . T=Y 4Tty Y—T
1) =
<b(:c,y,)(26+26,2e+2e

is a flow of the vector field F(x,y) = (y, z).

First, the partial derivative of the flow ¢ with
respect to t is

a (x.1) = (x+yet_:v—ye_t :v+yet_y—fr€_t>‘

ot 2 2 ) 2
Next,
(ot 1) = (T let L tert TE Ly 22V ).

But those are equal, so % (x,t) = F(o(x,1)). Also,
¢(x,0) = x, since

_(rt+y -y r+ty Yy—x\

Thus, ¢ is a flow for F.
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