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Last time. Standardized sums. Examples illus-
trating the central limit theorem. Con�dence inter-
vals. Introduction to moment generating functions.

Today. The ordinary generating function, proper-
ties of the moment generating function, some mo-
ment generating functions for continuous distribu-
tions.

The ordinary generating function. It's

h(t) = E(tX):

It determines and is determined by the moment
generating function g(t) by the equations

g(t) = h(et); and h(t) = g(log t):

We won't be using the ordinary generating func-
tion, but I thought I'd bring it to your attention in
case you come across it some time in the future.

Properties of moment generating func-

tions.

Translation. If Y = X + a, then

gY (t) = eatgX(t):

Proof: gY (t) = E(eY t) = E(e(X+a)t) = E(eXteat) =
eatE(eXt) = eatgX(t). q.e.d.

Scaling. If Y = bX, then

gY (t) = gX(bt):

Proof: gY (t) = E(eY t) = E(e(bX)t) = E(eX(bt)) =
gX(bt). q.e.d.

Standardizing. From the last two properties, if

X� =
X � �

�

is the standardized random variable for X, then

GX�(t) = e��t=�gX(t=�):

Proof: First translate by �� to get

gX��(t) = e��tgX(t):

Then scale that by a factor of 1=� to get

g(X��)=� = gX��(t=�)

= e��t=�gX(t=�)

q.e.d.

Convolution. If X and Y are independent vari-
ables, and Z = X + Y , then

gZ(t) = gX(t) gY (t):

Proof: gZ(t) = E(eZt) = E(e(X+Y )t) = E(eXteY t).
Now, since X and Y are independent, so are eXt

and eY t. Therefore, E(eXteY t) = E(eXt)E(eY t) =
gX(t)gY (t). q.e.d.

Note that this property of convolution on mo-
ment generating functions implies that for a sam-
ple sum Sn = X1 + X2 + � � � + Xn, the moment
generating function is

gSn(t) = (gX(t))
n:

We can couple that with the standardizing prop-
erty to determine the moment generating function
for the standardized sum

S�n =
Sn � n�

�
p
n

:
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Since the mean of Sn is n� and its standard devia-
tion is �

p
n, so when it's standardized, we get

gS�
n

(t) = e�n�t=(�
p
n)gSn(

t
�
p
n
)

= e�
p
n�t=�gSn(

t
�
p
n
)

= e�
p
n�t=�

�
gX(

t
�
p
n
)
�n

We'll use this result when we prove the central limit
theorem

Moments and moment generating func-

tions for continuous distributions. The same
de�nitions for these apply to continuous distribu-
tions and discrete ones. That is, if X is any random
variable, then its nth moment is

�n = E(Xn)

and its moment generating function is

gX(t) = E(etX) =
1X
k=0

�k
k!

tk:

The only di�erence is that when you compute them,
you use integrals instead of sums, and that's be-
cause expectation is de�ned in terms of integrals
rather than sums. Thus,

�n = E(Xn) =
Z 1

�1
xnfX(x) dx

and
g(t) = E(etX) =

Z 1

�1
etxfX(x) dx:

We'll look at three examples of moment gener-
ating functions of continuous distributions. First,
a uniform distribution on [0; 1], second an expo-
nential distribution with parameter �, and third a
standard normal distribution.

The moment generating function for a uni-

form distribution on [0; 1]. Let X be uniform on
[0; 1] so that the probability density function fX has
the value 1 on [0; 1] and 0 outside this interval.
Let's �rst compute the moments.

�n = E(Xn) =
Z 1

�1
xnfX(x) dx

=
Z 1

0
xn dx

=
xn+1

n+ 1

����1
0
=

1

n+ 1

Next, let's compute the moment generating func-
tion.

g(t) =
Z 1

�1
etxfX(x) dx

=
Z 1

0
etx dx

=
1

t
etx
����1
0
=

et � 1

t

Note that the expression for g(t) does not allow
t = 0 since there is a t in the denominator. Still g(0)
can be evaluated by using L'Hôpital's rule. That
rule is actually needed when using the moment gen-
erating function g(t) to �nd the moments, such as
�1 = g0(0) and �2 = g00(0).

The moment generating function for an ex-

ponential distribution with parameter �. Re-
call that when events occur uniformly at random
over time at a rate of � events per unit time, then
the random variable X giving the time to the �rst
event has an exponential distribution. The density
function for X is fX(x) = �e��x, for x 2 [0;1).

Let's compute its moment generating function.

g(t) =
Z 1

�1
etxfX(x) dx

=
Z 1

0
etx�e��x dx

= �
Z 1

0
e(t��)x dx

= �
e(t��)x

t� �

����1
0

=

 
lim
x!1�

e(t��)x

t� �

!
� �

e0

t� �

Now if t < �, then the limit in the last line is 0, so
in that case

g(t) =
�

�� t
:

This is a minor, yet important point. The mo-
ment generating function doesn't have to be de�ned
for all t. We only need it to be de�ned for t near
0 because we're only interested in its derivatives
evaluated at 0.
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The moment generating function for the

standard normal distribution. Let Z be a ran-
dom variable with a standard normal distribution.
Its probability density function is

fZ(x) =
1p
2�

e�x
2=2:

It's moments can be computed from the de�nition,
but it takes repeated applications of integration by
parts to compute

�n =
Z 1

�1

1p
2�

xne�x
2=2 dx:

We won't do that computation here, but it turns
out that when n is odd, the integral is 0, so �n is 0
if n is odd. On the other hand when n is even, say
n = 2m, then it turns out that

�2m =
(2m)!

2mm!
:

From these values of all the moments, we can com-
pute the moment generating function.

g(t) =
1X
n=0

�n
n!

tn

=
1X
m=0

�2m
(2m)!

t2m

=
1X
m=0

(2m)!

2mm!

1

(2m)!
t2m

=
1X
m=0

1

2mm!
t2m

= et
2=2

Thus, the moment generating function for the stan-
dard normal distribution Z is

gZ(t) = et
2=2:

More generally, if X = �Z+� is a normal distribu-
tion with mean � and variance �2, then the moment
generating function is

gX(t) = exp(�t+ �2t2=2):
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