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Review of3
Primality Testing for Beginners
by L asse Rempe-Gillen and Rebecca Waldecker
American Mathematical Society, 2014
244 pages, Softcover, $45.00 (AM S)

Review by
Frederic Green f gr een@l ar ku. edu
Department of Mathematics and Computer Science
Clark University, Worcester, MA

1 Background

The seminal polynomial-time algorithm for testing if a nuenlis prime, developed in 2002 by Agrawal,
Kayal and Saxena [AKS], came (one might argue) after onlywarféllennia of mathematical research.
Ironically, in light of this long history, the AKS algorithrturned out to be nowhere near as complicated
as most people expected. The mathematical prerequisgéan@dest, and do not go any further than quite
basic college-level abstract algebra. And indeed, it wdly abaracterized by F. Bornemdhin a 2003
Notices of the AMS exposition as a breakthrough for “Evergirha

But who exactly is “Everyman”? Mathematicians who are ngisgis in number theory? Non-complexity
theorists? Undergraduate math majors? Okay, how aboutdtighol students? In “Primality Testing for
Beginners,” Lasse Rempe-Gillen and Rebecca Waldecket literally ask these questions, but they answer
them in their introduction:

The objective of this book is to give a complete presentatibthe proof of the theorem of
Agrawal, Kayal and Saxena, without requiring any prior kielge beyond general computa-
tional skills and the ability to think logically.

The book is aimed at interested high school pupils and teschet also at undergraduate stu-
dents in mathematics and computer science (to whom it shmulttcessible in the first year).

This is an ambitious goal! Think of all the things you'd hawedb, that might not be (and, regrettably,
often are not) covered in all high school educations: Axipoefinitions, theorems and lemmas, proofs
(by contradiction, induction, etc.), elementary numbewotly (like prime factorization), polynomials, algo-
rithms, analysis of algorithms, and on and on it goes. Noendibw you slice it, that’s a lot to cover in the
under 200 pages that the main text occupies.

Yet these authors do it, and succeed amazingly well. Thetiqnes, how? Let’s look at an example,
starting at the very beginning. Not much is more intuitivartithe counting numbers (here defined as the
positive integers). The first basic and salient fact aboeitnidtural numbers is the well-ordering principle.
This immediately suggests the method of descent. A peifastration of that method is to use it to prove
the rationality ofy/2. So we go from counting to mathematical proof (really botuiction and contradiction
rolled into one) almost effortlessly. All this is dispatcheith perfect elegance in the space of two pages,
with strong intuition and no unnecessary formalism, yetlist the right amount of rigofThat's how to
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do it, and the only trick is to sustain that for the more adeahand subtle topics that occupy the remaining
180 or so pages of the main text.
But before saying more about the “how,” let’s look at the “wha

2 Summary of Contents

The book is divided into two parts, “Foundations” and “The &WKlgorithm.” Part 1 consists of Chapters 1
through 4, and Part 2 is the rest.

Chapter 1, Natural numbers and primes: Covers the most begerial, including natural numbers,
proof by induction and contradiction, the binomial theorelwisibility, prime factorization, the Eu-
clidean algorithm and the Sieve of Eratosthenes.

Chapter 2, Algorithms and complexity: Presents algoritinms an intuitive point of view, beginning
with simple problems such as addition of binary numbers pinalgorithm analysis, the idea of
computability, the halting problem, efficient computatighe classes P and NP, and probabilistic
computation, both Monte Carlo (RP) and Las Vegas (ZPP). @tierlare illustrated by randomized
algorithms for polynomial non-identity testing and quicks respectively.

Chapter 3, Foundations of number theory: This chapter gesvihe most crucial technical back-
ground for the algorithm. It includes modular arithmetierfat’s Little Theorem, the Euler Function
and the Fermat-Euler Theorem (not needed for AKS; likewige@hinese remainder theorem, also
proved in this chapter), the Fermat primality test, polyredsand modular arithmetic with polyno-
mials.

Chapter 4, Prime numbers and crypography: History of crygyugy, RSA, and the distribution of
primes. Just enough of what is needed of the prime numberdheis stated and given an elemen-
tary proof. The chapter concludes with the Miller-Rabimpality test (which does use the Chinese
remaindering).

Chapter 5, The starting point: Fermat for polynomials: Geli@ng Fermat's Little Theorem to
polynomials, the polynomial criterion that is the basisiw BAKS algorithm, a high-level sketch of
the algorithm, and the randomized Agrawal-Biswas [AB] {estich uses the same criterion, and was
an important predecessor of AKS).

Chapter 6, The theorem of Agrawal, Kayal and Saxena: Thegpyimgenda of this chapter is to state
and prove the main theorem on which the algorithm is baseldouinds the number of polynomials
P = X + asuch that P(X))" = P(X™) mod (p, X" — 1), for0 < a < p — 1, andn not a power
of p and of sufficiently large order mod In particular, this theorem allows us to recognize iis

a non-prime-power composite. Irreducible factors of ctardic polynomials are used to provide a
suitable bound on the order afmodr.

Chapter 7, The algorithm: The stage has been set to makenhisféhe shortest chapters in the book.
First bound from above the primesuch that its order mod is sufficiently large. This uses the weak
version of the prime number theorem proved in Chapter 4. llyjrthe AKS algorithm as sketched
in Chapter 5 can be given in detail, and its analysis and coress follow easily from the foregoing
developments.



It must be emphasized that all topics are covered in depthydimg proofs, with just the right level of
detail and abstraction. All sections include diverse dgescof varying difficulty (but all quite feasible),
including many that prove results used later in the text.utsmis for the latter exercises are given in the
second appendix. In addition to exercises, sections algocoreclude with some comments that expand on
the material, provide added context (e.g., in light of Lagels theorem, to take an opportunity to mention
group theory, which is not used in the main text), give sonségitt into the history, or pointers to the
literature.

In addition to the appendix of problem solutions mentionkedve, the first appendix contains an enter-
taining discussion of (mostly famous) open questions amgectures.

3 Opinion

“Primality Testing for Beginners” will be of interest to agat many readers. It is certainly appropriate at
the high school or undergraduate level. It could easilyeséna readings course or first-year seminar, or for
supplementary reading in courses on algorithms or absilgebra (to illustrate applications!). But | would
also recommend it to anyone who is interested in learningitatbee AKS algorithm. While researchers
know most of the mathematics, it's nice to have it all (and bmall) at your fingertips.

This book does much more than “just” explain a particularontgnt result. It shows what mathematics
is really about, through the medium of explaining that jgattr result. And by “mathematics” | don't just
mean the subject as is taught in high school or college, botrmkthematicalesearch The book is always
mindful of the motivation for the results that it proves, amidenever feasible points out the false starts and
blind alleys that may crop up along the way. To take but onengit@, regarding the primality criterion near
the beginning of Chapter 5:

At first, [the theorem] seems like an incredibly strong reswk could test a number for pri-
mality by choosing any numbercoprime ton and checking the congruence. .. Unfortunately,
this is, once again, impossible in practice. Indeed, we triigive to compare up ta coef-
ficients. So the effort required would lexponentialin log n, and thus of the same order of
magnitude as searching directly for a factomadr applying the Sieve of Eratosthenes.

Thus the “what” given in the previous section is inextrigathught up in the “how.” It seems the topics
were chosen with great care, with two goals in mind: First famemost, to prepare the reader for the AKS
algorithm. And secondly, to give the reader sufficient mathtical background tappreciatethe results,
not just follow all the low-level details.

Along the way, the reader is introduced to a rich set of idedsch is surely self-evident from the
summary of contents given above. One learns sizable chudrdderaentary number theory, algorithms and
complexity from this text. | marvel at the breadth of ideagared in so few pages. Despite the necessary
pace, a reader-friendly, cogent and uncluttered style istaiaed throughout. Sound pedagogy is ensured
by integrating the exercises with the text, making the readeactive participant. And it is as self-contained
as any mathematics book I've ever read. (Incidentally, gmeéver guess from reading it that this was a
translation from a German original.)

At the same time, while eminently readable by “Everymangtrdbably won'’t always be (nor, | believe,
was it meant to be) an easy read. For many beginning studemiggine working through this book would
feel akin to a short but rigorous hike in the mountains. Adieat the beginning the climb is somewhat steep,
although it is probably steepest in Chapter 6, where theotwriines get closer together according to the
density of theorem/proof/theorem/proof. But even at thigtude, the reader encounters lucid discussions
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that provide some room to breath, giving insight and persgeuvhich attenuate the required effort. And,
finally, as we emerge onto the summit in Chapter 7, the viewspeeially rewarding.
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The Joy of Factoring
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Review by
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University of Maryland, College Park, College Park, MD

1 Introduction

This is a book on algorithms for factoring. As you might expdbere is also a lot of number theory
presented. What is more surprising is that there is not mudtie way of analyzing algorithms. Thisn®t

a criticism of the book. The field in general seems not to hagernuch in the way of rigorous runtimes of
algorithms. This isiota criticism of the field.

Reading the book was odd in that there was more concern forigdms that couldactually be coded
up (manyactually have been), that wouldctually run fast, and less concern for rigorous runtime analysis.
This is unusual for computer science algorithms. Somnghttake that as a criticism of computer science
research in algorithms, but | am not going to go there.

Why is factoring an area where practical algorithms are exsigkd and rigorous analysis is not? |
speculate that there are two reasons: (1) people reallyalgmtithms that factor quickly (for cryptography),
and (2) the mathematics needed to prove runtimes of algasitbften involves open problems in number
theory.

Notation: Throughout this review is the number we want to factor ahd= |/ N |.

2 Summary of Contents

The first five chapters are a blend of number theory neede@étoring algorithms, simple factoring algo-
rithms, and factoring algorithms for numbers of a certapetyWe give some examples of each:

1. (r/p) is the Legendre symbol: it is whenr is a nonzero square mgg —1 whenr is not a square
mod p, and 0 whenr dividesp. There is a section on how to compute this easily. Theoreom fr
number theory are stated but not proven.

2. Trivial Algorithm: If N is small you certainly do not want to use a fancy algorithm tonHence
a simple fast algorithm is needed fdF small. This book discusses the so-called trivial algorithm
dividen by 2,3,...,b, in some depth. The key is that this algorithm can be sped opiderably.
The first observation is that you do not need to divide by amndarger than 2. Hence you need only
divide by2,3,5,7,9,...,b. AH! —you need not divide by any multiple of 3 larger than 3islleads
to only trying numbers that are 1,5 (mod 6). If you avoid all multiples of 2,3, and 5 then you only
try numbers that are= 1,7,11,13,17,19,23,29 (mod 30). The fact that they are all primes is an
accident which no longer holds when you avoid humbers tleadanultiple ofl, 3,5, 7 and use mod
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210. One can go further and further with this but at some gbmtost of making sure your numbers
are in one of the congruence classes outweighs the benefits.

3. Fermat's difference of squares algorithm: For eaditef N, (b+1)2—N, (b+2)2— N, ... testif itis
asquare and stop ifitis. (b+:)2— N is a square the(b+i)> — N = 32 so(b+i—y)(b+i+y) = N.
Hence afactor is found (unless-i —y = 1 andb+i+y = N). This algorithm is analyzed rigorously
and ways to speed it up are given. In the worst case it Workmie1(f)(N2/3) but if one of the factors
of N is close tov/N (which is common when trying to crack RSA) then this algarits very fast.
Also, this technique of trying to fina, y such that:> — y? is N (or a multiple of N) is the starting
point for many other algorithms.

4. Letp be the lowest prime factor df. We do not know but we do know thap < +/N. Pollard’sp—1
method begins by noting that~! = 1 (mod p), hence2?~! — 1 = 0 (mod N). Letpy,...,pm
be all primes less than a parameter If p — 1 has all of its factors< B then PPt 1 = ()
(mod N) wherea; = |log B/ log p;]. HenceGCD(QP(fl“‘pglm — 1, N) will likely yield a factor of
N.

5. LetFy, Fs, ... be the Fibonacci numbers. H dividesn thenF,,, divides F},. Hence, if you are given
n andF,,, to factor it you need only factot = ab and findF,.

Chapter 6 presents a sequence of algorithms that use cedtfractions to factor. The basic idea is to
find x,y, z such that(z + by)? — Ny? = 22. From this one easily gets + by — 2)(z + by — 2) = Ny?
SoGCD(x + by — z, N) is a likely factor of N. Such anz, y, z can be found by looking at convergents of
continued fractions. Getting this to actually work takeswnmore ideas. The algorithm was first proposed

in 1970. A runtime ofeV2(nN)(InlnN) \yas proven by Pomerance in 1982. Note that, foreathis is
< O(N°).

Chapter 7 uses Elliptic curve methods to factor. One of thead Pollard’ — 1 method and instead
of using the integers mogluses a set of elliptic curves of about the right size. Thisdases the chance of
success.

Chapter 8 is on Sieve methods- both the Quadratic Sieve andumber Field Sieve. The latter is the
method of choice for large number factorization. Both usagifrom Fermat’s difference method and the
Trivial method but of course use much more sophisticatedsi@des well.

Chapter 9 and 10 are a collection of chapters on practicaltlaaretical factoring, though mostly
practical. There is also a discussion of why there have ren breily new factoring algorithms since 1995.

3 Opinion

This book has lots of information and lots of pointers to miafermation. The field is vast and spans both
practical and theoretical concerns; hence | suspect anybioes not an active researcher in the area will
find things in this book of interest. This should certainlyrbad by people in cryptography to get a better
sense of just how vulnerable their systems might be.

While there are chapters to teach some number theory, tldereaally should already know some
number theory. The book could be read by bright undergraduaGood projects could be devised by
coding up some of these algorithms.
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Asymptopia
by Joel Spencer and Laura Florescu
Publisher: AMS
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Review by
William Gasarch (gasar ch@s. und. edu)
Department of Computer Science
University of Maryland, College Park, College Park, MD

1 Introduction

This is a book on asymptotics for undergraduates; howewest of the material is not standard so a graduate
student or even a professor will find something new here.

Asymptotics is, roughly speaking, what happens ta aformula? phenomena? that dependsnon
whenn is large. The audience for this review (SIGACT News readars)used to this notion for algo-
rithm analysis. There is one chapter on that topic; howeberbook is mostly about asymptotics within
mathematics.

2 Summary of Contents

The first five chapters are about asymptotics of factoriadgsCbnotation, asymptotics of integrals and sums,
and asymptotics of binomial coefficients. One could vievséheesults as interesting in their own right or as
lemmas for later applications. While the distinction betwéemma and application may be a matter of taste
I will point out two topics that | consider applications: (@pproximations tofo1 sin™xdz, and (2) random
walks.

The rest of the chapters are mostly applications. This is # fimaok so | mean applications to other
fields of mathematics. We list some of the results:

1. The number of rooted trees M, ..., n} with root 1 isn™~2 (this is not asymptotic nor is it proved
in this book). By contrast the number of Unicycle graphs @pbrwithn vertices anch edges) is
asymptotically gn"‘%. Note that the error term is additive, not (as is often theéasomputer
science) multiplicative.

2. There are three asymptotic lower boundsRok) (Ramsey ok): (1) R(k) > (1+ 0(1))§§2"3/2, (2)

R(k) > (1+0(1))£2%/2 (3) R(k) > (1+0(1))££22%/2, These results are interesting and depressing.
Interesting that progress has been made, and the proofgcarddepressing that so little progress has
been made.

3. Letw(n) be the number of primes that axen. The prime number theorem states thét) ~ =

m .
This is a difficult theorem. How close can we get to it just gssimple combinatorics? In this chapter
they show that there are constantsc, such that

(c1 + 0(1))% < 7(n) < (ca + 0(1))%.
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Upon seeing this my first reaction li®et ¢, is really small andc; is really large NO. In the proofs
givenc; = In2 ~ 0.693 andco, = 21n2 ~ 1.386. This approximation to the prime number theorem
is good enough for any application in computer science.

4. If you pick three points in the unit square what is the pholiig that the triangle will be of size< €?
This will be a function ofe. They show that it (e).

5. There is a chapter on algorithms. This material will beifimamto most readers of this review.

6. There are two chapters on probability and there is somleapility in other places. Here is one
phenomenon they look at from different angles: Aat, X5, ... be random variables that take on the
value—1 or 1, each with probabilityl /2. LetS,, = X; + --- + X,,. Clearly E(S,,) = 0 but what is
the probability thatS,, will be far from 0?

3 Opinion

If n people read this review then, with high probability— Inn of them will find at Ieast% — % of the
book interesting. The proofs are readable and the res@twanth knowing. One caution — some of you are
used to ignoring multiplicative factors. This book is moegaful about those constants so you need to get
used to it. However, that is one of the benefits— it teachedgdhink in a different way.

To read this book you need mathematical maturity and a basicse in combinatorics. All such people
will benefit from this book since it has many results that atthat well known but perhaps should be. The
triangle results above | found particularly intriguing.
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Review off
Ramsey Theory over the Integers (Second Edition)
by Bruce M. Landman and Aaron Robertson
Publisher: AMS
Student Mathematical Library Series Volume 73
$58.00 softcover, 380 pages, Year: 2014

Review by
William Gasarch (gasar ch@s. und. edu)
Department of Computer Science
University of Maryland, College Park, College Park, MD

1 Introduction
Three classic theorems of Ramsey Theory are:

1. Ramsey’s Theorentor all r, m there exists: such that for all--colorings of the edges dkt,, there
is a monochromatic cliqué’,, (m vertices such that all of the edges between them are colbeed t
same). This extends to many colors and hypergraphs.

2. Van der Warden’s Theorem (henceforth VDW'’s Theorear:all , k there existsv such that for alf-
colorings of[w] = {1, ..., w} there is a monochromatic arithmetic sequence of lekdtrenceforth
a k-AP). The Gallai-Witt theorem is a generalization to mommelnsions. The Hales-Jewitt theorem
is a further generalization.

3. Schur’s Theorerfor allr there exists: such that for ali-colorings of[n| there exists:, y, z the same
colors such that + y = z.

Most books on Ramsey Theory focus on both Ramsey’s Theorddny’¥ Theorem, and variants of
them (Schur’'s Theorem when generalized can be seen as atva@rDW’s Theorem). This book focuses
just on VDW's Theorem and variants of it thahly involve colorings of initial segments ™. There are
many problems and ideas for research problems in this batktiuld be tackled by an undergraduate. The
authors state accessibility for undergraduates and idegmdjects as explicit goals.

2 Summary of Contents

The first chapters introduce Ramsey Theory and give statsnoéthe classic theorems above. The second
chapter states and proves VDW’s Theorem, and gives uppdoaed bounds on some VDW numbers. The
proof is complete and rigorous. This is welcome and not comriibe proof of VDW'’s Theorem is such that
it's easier to go part way and leave the rest as an exercise gisimessy to write down. By using the color-
focusing method to present the theorem they obtain a coenptgtrous proof. One downside: they do not
present the proof of VDW'’s Theorem for 2 colors and 3-AP’stthises 2-colorings of blocks-of-5 integers,
which is nice to see for intuition. This proof (any versionipfany presentation of it) yields rather large
upper bounds fo#V (r, k) (not primitive recursive). Shelah had an elementary prbef yielded smaller
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numbers (primitive recursive) though still quite large.vi&os had a proof using advanced mathematics that
yielded a bound that wamly a finite stack of exponentials. Neither of these proofs arergiNote that the
search for matching upper and lower bounds, and for an eliamygoroof of more reasonable upper bounds,
is ongoing.

Chapters 3, 4, 5, and 6 have variants of VDW’s Theorem by camdeAP by other types of sets of
numbers:
In Chapter 3:

1. A k-term quasi progression of diameteris a set of the forn{z; < --- < zx} such that there exists
d,foralli, d < z;y1 — z; < n+d. This can be generalized by lettidge a function of.

2. Letk > 3. A k-term descending waus a set of the form{x; < --- < 23} such that, for alk,
Ti— Ti—1 < Tip1 — T4

3. A k-term semi-progression of scope is a set of the form{z; < --- < =} such that, for all;,
T; — Ti—1 € {d, Qd, 3d, c. ,md}

4. Ak-termp,-sequencés a set of the forrdz, . . . , x; } such that there exists a polynomjdl) € Z[x]
of degreen such that for ali, z; 1 = p(z;).

By VDW'’s Theorem, for all-, k£, there is av such that there is &term set of any of the above types (for
the p,, sequence you would take= 1). However, this would yield rather large upper bounds. I@har 3
they study all of the above types of sequences and get muoh m@asonable upper and lower bounds than
are known for VDW numbers. We give one example.

Let DW (k) be the leastv such that for all 2-colorings div] there is a-term descending wave. They
provek? —k+1 < DW(k) < "32—3 — ’3—2 + 1. They state without proof that more is known: there issaich
thatck? < DW (k) < & — 4k 4 3
Chapter 4 deals with restricting the differences of the AP:

1. A setD is r-largeif, for all k£ there existsv such that for all--colorings of[w] there is a mono set
with difference inD. They consider this for both finite and infinife.

2. A special case of interest (¢, k; r) is the leastv such that for ali-colorings of[w] there is a mono
k-AP with difference> ¢. Such aw always exists by VDW's Theorem, but can we get a different
proof with a better bound?

3. Let f be an increasing function frofd to N. Thenw(f(z), k;r) is the leastw such that there is a
mono sef{z; < x5 < --- <z} such that, for allj z; 1 — z; = f(4).

A set D need not be-large for anyr. There are functiong such thatw(f(z), k;r) does not exist.
Chapter 4 has theorems about both when these things do arat Happen. We give two examples. (1) If
D is finite thenD is not 2-large. (2) The Fibonacci numbers are not 4-largelf (8 «) € Z[x] andp(0) =0
then the image op is large (this is stated but not proven).

Chapter 5 has 15 pages on sequences of the {formx + d, bz + 2d}. They then look at homothetic
copies of sequences. Chapter 6 deals with the differenddsenay equal but being congruent modfor
somem. Chapter 7 offers yet more variants on the notion of an AP.

Chapters 8 and 9 are on a different kind of variant than thégehapters 3 through 7. Recall VDW'’s
Theorem forr = 2 andk = 4:
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There existsv such that for all 2-coloringg”’ O L of [w] there exists:, d such that

COL(a) = COL(a + d) = COL(a + 2d) = COL(a + 3d).

We rewrite this in terms of equations.
There existsv such that for all2-colorings COL of [w] there exist distincty, es, e3, e4 such that

COL(ﬁl) = COL(eg) = COL(€3) = COL(€4)

and
€p —€1 = €3 — €9
€p —€1 = €4 —es.
We rewrite these equations:
e1 —2e9+e3+0es = 0
e1—ey—ez+es = 0.

Hence VDW'’s theorem for = 2 andk = 4 can be rewritten as:
There exitav such that for all 2-coloring€” O L of [w] there exist distinct;, e, e3, e4 such that

C’OL(el) = COL(62) = COL(eg) = COL(64),

Ae =0,

1 -2 1 0
1 -1 -1 1
ande = (61, €9, €3, 64).

What other matrices have this property? Schur’s Theorenghalias proven before VDW'’s Theorem,
answers this question for the single equatioh y — z = 0. Chapter 8 looks at variants of Schur’s Theorem
including counting how many monochromatic solutions themre, and generalizing to equations in more
than one variable. The full generalization: Let,...,a,) be a tuple of integers. Let(zy,...,z,) =
>, aizy. Then the following are equivalent

whereA is

e For allr, k there existsv such that for all--colorings of{w] there exists a monochromatic solution of
L(Z) =0.
e Some subset ofay, ..., a,} sumsto 0.

Rado’s theorem gives a conditi@ghon matricesd (which we omit here but is in the book) such that the
following are equivalent.

e For allr, k there existsv such that for all--colorings of{w] there exists a monochromatic solution of
A(Z) = 0.
o A satisfies conditiord.

Chapter 9 has Rado’s Theorem and many variants. Chapterslétihianore variants on VDW-type
theorems.
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3 Opinion

This book is excellent for what it set out to do: There are mearjants of VDW'’s Theorem and they can
form the basis of many student projects. This is not just ngcsfation; the first edition of this boaiid
inspire many projects and many of the open problems fromvi¢ lieen solved. The book is well written.
From the review one might thinkGee, there are A LOT of variants. Are they all interestingfiis is
a matter of taste. But one cautionary note is not to get ovelwid by them: Pick A FEW that you find
interesting and read about those. You may read others lateion't (as | did) read the book in a week.
The Gallai-Witt Theorem is omitted, which makes sense sthieis about Ramsey Theory ovtre
integers However, just the theorerior all 2-colorings of the lattice points in the plane thesea mono
squareis on the level of undergraduates, and would have been nisey @mit the Hales-Jewitt Theorem
which is a very wise decision since it is somewhat abstragdtsgems to be just the right cut-off point.
They do not have the polynomial VDW Theorem though they dtesdacorollary of it (ifp(x) € Z[z]
andp(0) = 0 then the image of is large). Here | will (1) state the full Poly VDW, (2) say whyHink it
should have been included, and (3) say why | might be wrong.
Polynomial VDW Theorem: For allr, for all py, ..., pr € Z[z] such thatVi)[p;(0) = 0], there existdV’
such that, for ali-colorings of[IV] there exists, d such that

a,a+ pi(d),a+ pa(d),...,a+ pg(d)

are all the same color.

This theorem has an elementary proof, due to Walters, teauthors know about (Walters’ paper is in
the bibliography). The proof uses the color-focusing metivich is the same method used in the book’s
proof of the VDW Theorem. This theorem clearly fits into thertte of VDW on the integers. Undergraduate
projects can be made out of it (I speak from experience). &lsea very nice contrast between the proof of
VDW'’s Theorem, which is an?-induction, and the proof of Poly VDW, which is ar-induction.

So why might | be wrong? First off, the book is already 380 gad®y contrastJoy of Factoringand
Asymptopia which are in the same series, are 293 and 189 pages regbectBecond, and | admit this
freely, my view may be prejudiced since the elementary padd?oly VDW is what got me into Ramsey
Theory in the first place. Having said that, if the writersrede a third edition, they should at least consider
the idea.
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1 Introduction

The book “Distributed Computing Through Combinatorial dtmqmy” covers the recent advances in the
applications of combinatorial topology to prove variougdtetical results in distributed computing. All
the results presented in the book have been published iougjpurnals and conferences in the past two
decades. Each chapter in this book has a result (either sifgiliiy result or an explicit protocol) of a spe-
cific class of tasks in a particular model of computation.

Intended Audience. This book can be either used as a textbook for a senior-levddngraduate course
or a graduate course, or as a reference book for researcierssied in the area of theoretical distributed
computing. The book is divided into four parts. Part | covities fundamentals required to understand the
rest of the book. Part Il covers the basic results in themaktlistributed computing using combinatorial
topology and its material is intended for a senior-levelemydaduate course. Part Il is intended to be the
material for a graduate level course and covers more geresalts. Part IV is intended for researchers
interested in this area.

Pre-requisite.  The book assumes familiarity with basic discrete mathasaatich agraph theoryandset
theory. Chapter 15 further requires a background on abstract getore specificallyfinitely generated
groups group homomorphismsandrepresentation of finite groupaNo prior knowledge of (algebraic or
combinatorial) topology is required to read this book.

2 Summary of the Contents

The book starts with a Preface by the authors that providegehibtroduction of the book. The book is
then divided into four parts. The detailed overview of eaf:these parts is presented below.

2.1 Part|: Fundamentals

Part | of the book has four chapters and focuses on the funataleeof combinatorial topology and dis-
tributed computing.

Chapter 1 informally discusses some of the basic models of distribgtamputing and gives an intro-
duction to combinatorial topology. It also includes twosd&al problems in distributed computing to illus-
trate the connection between distributed computing andbawettorial topology at a high leveChapter 2

"©2016, Jalaj Upadhyay
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focuses on two-process systems to give a concrete examipbsvdechniques and concepts of combinatorial
topology are used to model distributed computing. The aragtaarts by formally introducing topological
objects, likesimplices, simplicial complex, simplicial mapmndcarrier maps and introduces models of
computation in distributed computing, like tladternating-passing model, layered read-write moadeid
layered message-passing madelnally, it shows how combinatorial topology is used to rlbdomputa-
tions in two-processes systenghapter 3 forms the basis of the topological material covered in thé@en
book. Various topological structures suchsaar, link andjoin, and various concepts such @nnectivity
and different kind ofsubdivisionsare introduced. The chapter also contains the compositieorém for
various types of mapping between two simplicial complexes.

2.2 Partll: Colorless Tasks

Part 1l of the book consists of four chapters and covers alatgss of coordination problems studied in
distributed computing, calledolorless tasksunder various fault-tolerant requirements. In a colariesk,
we only care about the input and output values, and not whicbgsses are associated with which values.
Although colorless tasks seem very restrictive, many tagkh asonsensuandset agreemerdre colorless
tasks.

Chapter 4 considers the simplest model of computation cailednediate snapshah the shared-
memory model Section 4.2 starts by describing how combinatorial togploan be used to model con-
current composition of protocols and is followed by defingngplicial complexes corresponding to various
models of computationChapter 5 introduces a stronger model called tessage-passing mogdaind
various adversarial models such\waait-free adversanandi-faulty adversary The main theorem, stated
as Theorem 5.5.3, characterizes when colorless tasks amgutable given that a threshold number of pro-
cesses may crash in the message-passing mGihelpter 6 considers a more powerful adversarial model
known as théyzantine modelin the Byzantine model of computation, a faulty processdigplay arbitrary
and malicious behaviour. Theorem 6.6.1 in this chapterigesvthe characterization result for computation
under the Byzantine model. This part of the book ends Wiklapter 7 on the reduction techniques by
giving a combinatorial framework that defines how the togglof two models should be related so that we
can reduce the computation in one model to the computatianather model.

2.3 Partlll: General Tasks

Part 11l of the book consists of four chapters and includesilis for general tasks. Part Ill introduces
topological concepts such asanifolds Sperner's Lemmaonnectivity and thenerve graph

Chapter 8 explores how topological objects can be used to study getests. General tasks and
protocols are defined in Sections 8.1 and 8.2, respectifalgywed by examples in Sections 8.3 and 8.4 to
further illustrate the subtle differences between the &awrk of colorless tasks and general taskkapter
9introduces a class of protocols calletnifold protocolsand explores a task callédset agreement. A-
set agreement requires a distributed system to agree orsatvalues. Theorem 9.3.6 in this chapter states
that any manifold protocol cannot solkeset agreementChapter 10 studiesk-set agreement for highly
connected protocol complexes. Theorem 10.3.1 gives angsilmbty result that anyk — 1 connected
protocol complex cannot solveset agreement. This result extends the main result fronp&h& in the
sense that there are mahy- 1 connected protocol complexes which are not manifolds. Tha mesult
in Chapter 11 is the characterization of general tasks in the wait-freelehof computation. The result is
stated as Theorem 11.2.1 and the proof uses the techniquelsmed in the last three chapters and notions
from point-set topology, such apen coverandcompactness
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24 Part |V: Advanced Topics

Part IV of the book covers more advance concepts and resutsnbinatorial topology such ahellability,
the Nerve Lemmafundamental groupstorsion classesand Schegel diagramsThe content of this part
requires an understanding of basic concepts introducedapter 8. The chapters in this part are more or
less self-contained; therefore, they can be read in any.orde

Chapter 12 covers theaenaming taskin which each of the processes are given distinct names &om
large domain space. The task requires the processes toechatistinct output name from a much smaller
range space. The focus of this chapter isadaptiveprocesses, where the size of the range space depends
on the number of processes. Section 12.1 includes an exadtproof of the upper bound on the range
space and also gives an explicit protocol that matches thimdh Chapter 13 shows an inductive way
to use layering in a protocol to compute the connectivityhaf protocol complexes. The chapter uses a
powerful topological concept calleshellability to show that if every single-layered complex is shellable,
then connectivity is preserved under multilayer compositiThe result is stated as Theorem 13.4.6. The
rest of the chapter explores the application of this thedogroharacterizing when a single-layer complex
is shellable under different models of computati@mapter 14 studies simulation and reduction of general
tasks under different communication models. The main #macshows the equivalence between various
communication models of shared-memory models. The maoréhe of Chapter 15, stated and proved in
Section 15.3, exhibits a connection betweenltbep Agreement Tasknd theWord Problemfor finitely-
presented groups. The techniques used in this chapter as#yratgebraic in nature and the concept of
fundamental groups introduced.Chapter 16 proves the result that thetandard chromatic subdivisionf
a simplex is indeed a subdivision. This chapter has a flavbdrsorete geometry and the results are also
proven in the book on Combinatorial Topology by Kozlov [1].

3 Opinion

The book is very well-written. All the figures, examples, alhgstrations serve nicely to explain various
concepts. For example, Chapter 1 allows the readers, whondaeniliar with either combinatorial topol-
ogy or distributed computing, to better understand the eotions explored in this book. The exercises at
the ends of chapters are well thought out. | would suggestrézalers take some time to solve the exer-
cises. Personally, | would have liked the authors to markesofislightly involved exercises. | really liked
the mathematical notes in between the chapters, and | fegivibuld be very helpful to readers who are
unfamiliar with the concepts in algebraic topology, to gee#ter understanding of the concepts.

The book is self-contained and | believe that mathematicéand computer scientists both would equally
benefit from this book. All the results in this book are puftid results, and previously had different
notations and terminologies. The authors have done a great jcollecting and presenting the interesting
results in a consistent manner. | believe a new researchiisiarea would find this book very helpful.

The book is well-organized. The mathematical sophisticaincreases gradually from Part Il to Part
IV. The authors have made sure that the relevant matherhatioaepts are presented at the appropriate
sections in the sense that Part | only covers the basic ctsnoepombinatorial topology and more advanced
concepts are introduced and discussed only in the chaptersevthey are used.

References
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